In this contribution we deal with the sum of the series of reciprocals of the cubic polynomials with different positive integer roots. We derive the formula for the sum of these series and verify it by some examples using the basic programming language of the computer algebra system Maple 16. This paper can be an inspiration for teachers who are teaching the topic Infinite series or as a subject matter for work with talented students.
INTRODUCTION
This contribution is a follow-up to author's papers [2] and [3] . We deal with the sum of the series of reciprocals of the cubic polynomials with different positive integer roots.
Let us recall some basic terms. The series
converges to a limit if and only if the sequence of partial sums { } = { 1 + 2 + ⋯ + } converges to , i.e. lim →∞ = . We say that the series has a sum and write ∑ = ∞ =1
. The sum of the reciprocals of some positive integers is generally the sum of unit fractions. For example the sum of the reciprocals of the square numbers (the Basel problem) is The −th harmonic number is the sum of the reciprocals of the first natural numbers:
0 being defined as 0. Basic information about harmonic numbers can be found e.g. in the web-site [4] or in [1] .
The telescoping series is any series where nearly every term cancels with a preceding or following term, so its partial sums eventually only have a fixed number of terms after cancellation. For example, the series
where obviously the summation index ≠ 1,2,3, i.e. = 4, 5, …, has the general −th term, after partial fraction decomposition, in a form
After that we arrange the terms of the −th partial sum = 4 + 5 + ⋯ + in a form where can be seen what is cancelling. Then we find the limit lim →∞ of the sequence of the partial sums in order to find the sum of the infinite telescoping series. In our case we get
So we have
THE SUM OF THE SERIES OF RECIPROCALS OF THE CUBIC POLYNOMIALS WITH THREE DIFFERENT POSITIVE INTEGER ROOTS
Let us consider the series of reciprocals of the normalized cubic polynomials with three different positive integer roots < < , i.e. the series
and let us determine its sum ( , , ). This series can be split into four parts:
The symbol of vertical bar hereinafter used in some of three positions before three letters means that corresponding finite sum in the relation (2) is omitted. For example a notation (| | , ) denotes the case, where = 1, = 2 and − 1 ≥ + 1 = 3, i.e. the sum (|1|2, ).
In total, we differentiate 2 3 = 8 following possible cases of the sums: (|1|2|3), (|1|2, ), (|1, | + 1), ( | + 1| + 2), ( , | + 1), ( | + 1, ), (|1, , ), ( , , ). We focus on the last and most general case of the relation (2), where 0 < < < , ≥ 2, − 1 ≥ + 1, − 1 ≥ + 1, and determine the sum ( , , ) using the equality
,
Because
, then the sum ′( , , ) of the first finite part of the series (2) is
Now, let us determine the sum ′′( , , ) of the second finite part of the series (2). Because
then the sum ′′( , , ) of the second finite part of the series (2) is
Now, we determine the sum ′′′( , , ) of the third finite part of the series (2). Because
then the sum ′′′( , , ) of the third finite part of the series (2) is
Finally, let us express the partial sum ( , , ) of the infinite part of the series (2). We have
By means of the computer algebra system Maple 16 we get the following worksheet: Altogether, for 0 < < < , ≥ 2, − 1 ≥ + 1 and − 1 ≥ + 1, we get the sum ( , , ) of the series (2) in the form
.
we derived this statement: Theorem 1. The series
where ≥ 2, − 1 ≥ + 1 and − 1 ≥ + 1 are positive integers, has the sum
where is the −th harmonic number, Ψ( ) is digamma function, and is Euler's constant. 
NUMERICAL VERIFICATION
We solve the problem to determine the values of the sum ( , , ) for = 1,2,3,4 and for = + 1, + 2, … , + 5, = + 1, + 2, … , + 5. We use on the one hand approximated evaluation of the sum
, where = 10 7 , using the basic programming language of the computer algebra system Maple 16, and on the other hand the formula (3) for evaluation the sum ( , , ). We compare 60 pairs of these ways obtained sums ( , , , ) and ( , , ) to verify the formula (3). We use following simple procedure rp3abcpos and the following double repetition statement: The approximated values of the sums ( , , ) rounded to 10 decimals obtained by this procedure are written into the following table: Computation of 60 pairs of the sums ( , , ) and ( , , , 10 7 ) took almost 2 hours. The absolute errors, i.e. the differences | ( , , ) − ( , , , 10 7 )|, are all only about 5 • 10 −15 .
CONCLUSIONS
We dealt with the sum of the series of reciprocals of the cubic polynomials with different positive integer roots < < , i.e. with the series
We derived that the sum ( , , ) of this series is given by formula 
